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1.
Baeov space modulation space , 2 \xi -
1 :
$\eta,\psi\in S(\mathbb{R}^{n})$ : $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\eta\subset\{|\xi|\leq 2\}$ , $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}$ th $\subset\{1/2\leq|\xi|\leq 2\}$ ,
$\eta(\xi)+\sum_{j=0}^{\infty}\psi(\xi/2^{j})=1$ for all $\xi\in \mathbb{R}^{n}$ ;
$\varphi\in S(\mathbb{R}^{n})$ : $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\varphi\subset[-1,1]^{n}$ ,
$\sum_{k\in \mathrm{Z}^{n}}\varphi(\xi-k)=1$ for all $\xi\in \mathbb{R}^{n}$ .
$\psi_{0}=\eta,$ $\psi_{j}=\psi(\cdot/2^{j})(j\geq 1),$ $\varphi_{k}=\varphi(\cdot-k)(k\in \mathbb{Z}^{n})$ Besov space
$B_{s}^{\mathrm{p},q}(\mathbb{R}^{n})$ modulation space $M^{p,q}(\mathbb{R}^{n})$ :
$||f||_{B_{s}^{p,q}}=( \sum_{j=0}^{\infty}2^{jsq}||F^{-1}[\psi_{j}\hat{f}]||_{L^{\mathrm{p})^{1/q}}}^{q}$ ,
(1.1) $||f||_{M^{\mathrm{p},q}}=( \sum_{k\in \mathrm{Z}^{n}}||F^{-1}[\varphi_{k}f]||_{L^{p}}^{q})^{1/q}$ .
$\hat{f}$ $f$ . , $M^{\infty,1}(\mathbb{R}^{2n})$ sj\"ostrand
, $L^{2}$- (Sj\"ostrand $[5|$ ,
Gr\"ochenig [3] $)$ . Modulation space Feichtinger [1], $\mathrm{G}\mathrm{r}\propto$henig-Heil
[4], Tachizawa [7] .
[8] , Toft Besov space modulation space inclusion
. Toft inclusion
( , 22 ). Toft ,
modulation space ( , 2.1 ) Gauss
$\varphi$
$(\varphi(t)=e^{-|\mathrm{t}|^{2}}),$ $||\varphi_{\lambda}||_{M^{\mathrm{p},\infty}}\sim\lambda^{-n/p}(0<\lambda\leq 1)$ .
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$\varphi_{\lambda}(t)=\varphi(\lambda t)$ . ,
$f(t)= \sum_{k\in \mathbb{Z}^{n}}e^{ik}.{}^{t}\psi(t-k)$
, $1\leq p\leq 2$ $||f_{\lambda}||_{M^{p,\infty}}\sim\lambda^{-2n/p}(0<\lambda\leq 1)$ $\psi\in S(\mathbb{R}^{n})$
$\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\psi\subset[-1/2,1/2]^{n}$ $\psi=1$ on $[-1/4,1,4]^{n}$ . ,
, $\lambda$
! , modulation space , P-
. , $P$- $f\in L^{p}(\mathbb{R}^{n})\backslash \{0\}$
$||f_{\lambda}||_{L^{\mathrm{p}}}\sim\lambda^{-n/p}$ .
modulation space , (




(12) $||V_{g}f||_{L^{\mathrm{p},q}}= \{\int_{\mathrm{J}\mathrm{R}^{n}}(\int_{\mathrm{R}^{n}}|V_{\mathit{9}}f(x, \xi)|^{p}dx)^{q/p}d\xi\}^{1/q}$





Toft [8] inclusion $1\leq p,$ $q\leq\infty$ . Toft
:
$\nu_{1}(p, q)=\max\{0,1/q-\min(1/p, 1/p’)\}$ ,
$\nu_{2}(p, q)=\min\{0,1/q-\max(1/p, 1/p’)\}$ .
$p’$ $P$ $(1/P+1/p’=1)$ . Toft
, $(1/p, 1/q)\in[0,1|\cross[0,1|$ :
$I_{1}$ : $\max(1/p, 1/p’)\leq 1/q$ , $I_{1}^{*}$ : $\min(1/p, 1/p’)\geq 1/q$ ,
$I_{2}$ : $\max(1/q, 1/2)\leq 1/p’$ , $I_{2}^{*}$ : $\min(1/q, 1/2)\geq 1/p’$,
$I_{3}$ : $\max(1/q, 1/2)\leq 1/p$ , $I_{3}^{*}$ : $\mathrm{m}\dot{\mathrm{i}}(1/q, 1/2)\geq 1/p$.
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$0<\lambda\leq 1$ $\lambda\geq 1$
$\nu_{1}(p, q)=\{$
$0$ if $(1/p, 1/q)\in I_{1}^{*}$
$1/p+1/q-1$ if $(1/p, 1/q)\in I_{2}^{*}$
$-1/p+1/q$ if $(1/p, 1/q)\in I_{3}^{*}$
$\nu_{2}(p, q)=\{$
$0$ if $(1/p, 1/q)\in I_{1}$
$1/p+1/q-1$ if $(1/p, 1/q)\in I_{2}$
$-1/p+1/q$ if $(1/p, 1/q)\in I_{3}$
. , Toft
$B_{n\nu_{1}(p,q)}^{p,q}(\mathbb{R}^{n})\mapsto M^{p,q}(\mathbb{R}^{n})^{\mathrm{c}}arrow B_{n\nu}^{p,q_{2(p,q)}}(\mathbb{R}^{n})$
. $1\leq p=q\leq 2$ , inclusion
. ,
$B_{\epsilon_{1}}^{p,p}(\mathbb{R}^{n})arrow M^{p,p}(\mathbb{R}^{n})\Rightarrow s_{1}\geq n\nu_{1}(p,p)$
. $2\leq p=q\leq\infty$ , inclusion
. ,
$M^{p,p}(\mathbb{R}^{n})\mapsto B_{\delta}^{p_{2}p}’(\mathbb{R}^{n})\Rightarrow s_{2}\leq n\nu_{2}(p,p)$
. $1\leq p,$ $q\leq\infty$ , Toft inclusion
( 22).
Toft , modulation space
.




$-1/p$ if $(1/p, 1/q)\in I_{1}^{*}$
$1/q-1$ if $(1/p, 1/q)\in I_{2}^{*}$
$-2/p+1/q$ if $(1/p, 1/q)\in I_{3}^{*}$
$\mu_{2}(p, q)=\{$
$-1/P$ if $(1/p, 1/q)\in I_{1}$
$1/q-1$ if $(1/p, 1/q)\in I_{2}$
$-2/p+1/q$ if $(1/p, 1/q)\in I_{3}$
. [6] , $\text{ }*$ eau $\sigma$) $p,(\text{ }-\backslash \grave{J}\exists$ }\breve \acute :
2.1. $1\leq p,$ $q\leq\infty$ . , :
(1) $C>0$
$||f_{\lambda}||_{M^{p,q}}\leq C\lambda^{n\mu 1[\mathrm{p},q)}||f||_{M^{p,q}}$ for all $f\in M^{\mathrm{p}_{)}q}(\mathbb{R}^{n})$ and $\lambda\geq 1$
. $C>0$ $\alpha\in \mathbb{R}$
$||f_{\lambda}||_{M^{p,q}}\leq C\lambda^{\alpha}||f||_{M^{p,q}}$ for all $f\in \mathrm{A}l^{p,q}(\mathbb{R}^{n})$ and $\lambda\geq 1$
, $\alpha\geq n\mu_{1}(p, q)$ .
(2) $C>0$
$||f_{\lambda}$ II $M^{\mathrm{p},q}\leq C\lambda^{n\mu 2(p,q)}$ Iifll $M^{\mathrm{p},q}$ for all $f\in M^{p,q}(\mathbb{R}^{n})$ and $0<\lambda\leq 1$
. $C>0$ $\beta\in \mathbb{R}$
$||f_{\lambda}||_{M^{\mathrm{p},q}}\leq C\lambda^{\beta}||f||_{M^{\mathrm{p},q}}$ for all $f\in M^{p,q}(\mathbb{R}^{n})$ and $0<\lambda\leq 1$
, $\beta\leq n\mu_{2}(p, q)$ .
21 , , $\lambda$
.
[6] , Toft inclusion :
2.2. $1\leq p,$ $q\leq\infty,$ $s\in \mathbb{R}$ . , :
(1) $B_{s}^{\mathrm{p},q}(\mathbb{R}^{n})\mapsto M^{\mathrm{p},q}(\mathbb{R}^{n})$ , $s\geq n\nu_{1}(p, q)$ .
(2) $M^{p,q}(\mathbb{R}^{n})^{\mathrm{c}}arrow B_{\mathit{8}}^{p,q}(\mathbb{R}^{n})$ f $1\leq p,$ $q<\infty$







. $\varphi\in S(\mathbb{R}^{n})$ $\mathrm{s}\mathrm{u}\mathrm{P}\mathrm{p}\varphi\subset[-1,1]^{n}$
$\sum_{k\in \mathbb{Z}^{n}}\varphi(\xi-k)=1$
for all $\xi\in \mathbb{R}^{n}$
, $\Phi=F^{-1}\varphi,$ $\Phi^{*}(t)=\overline{\Phi(-t)}$ .
31. $1\leq p\leq\infty$ . , .
(1) $\sup_{k\in \mathrm{Z}^{n}}||\mathcal{F}^{-1}[\varphi(\cdot-k)\hat{f}]||_{L^{p}}<\infty$ f $||\mathcal{F}^{-1}[\varphi(\cdot-\xi)\hat{f}]||_{L^{p}}$ \xi -
.
(2) $\mathrm{e}\mathrm{s}\mathrm{s}\sup_{\xi\in \mathrm{R}^{n}}||F^{-1}[\varphi(\cdot-\xi)\hat{f}]||_{L^{p}}<\infty$ f $||\mathcal{F}^{-1}[\varphi(\cdot-\xi)\hat{f}]||_{L^{p}}$ \xi -
.
Pmof. (1) . $||F^{-1}[\varphi(\cdot-\xi)\hat{f}]||_{L^{p}}$ $\xi 0$ . $|\xi-\xi 0|<$











$\leq C_{N}(\sup_{k\in \mathrm{Z}^{n}}||\mathcal{F}^{-1}[\varphi(\cdot-k)\hat{f}]||_{L^{p}})||M_{\xi}\Phi-M_{\xi 0}\Phi||_{L^{1}}$ ,
$\Phi=F^{-1}\varphi,$ $M_{\xi}\Phi(t)=e^{1\xi}{}^{t}\Phi(t)$ . , $||\mathcal{F}^{-1}[\varphi(\cdot-\xi)\hat{f}]||_{L^{\mathrm{p}}}$ $\xi$
.





,$\mathrm{e}\mathrm{s}\mathrm{s}\sup_{\xi\in \mathrm{R}^{n}}||\mathcal{F}^{-1}[\varphi(\cdot-\xi)\hat{f}]||_{L^{\mathrm{p}}}=\mathrm{e}\mathrm{s}\mathrm{s}\sup_{\xi\in \mathrm{R}^{n}}||V_{\Phi^{*}}f(\cdot,\xi)||_{L^{\mathrm{p}}}=||V_{\Phi}\cdot f||_{L^{\mathrm{p},\infty}}$
. , $\psi\in S(\mathbb{R}^{n})\backslash \{0\}$ ,
$\mathrm{e}\mathrm{s}\mathrm{s}\sup_{\xi\in \mathrm{R}^{n}}||F^{-1}[\varphi(\cdot-\xi)\hat{f}]||_{L^{p}}=||V_{\Phi^{*}}f||_{L^{\mathrm{p},\infty}}$
$\sim||V_{\Psi^{*}}f||_{L^{p,\infty}}=\mathrm{e}\mathrm{s}\mathrm{s}\sup_{\xi\in \mathrm{R}^{n}}||\mathcal{F}^{-1}[\psi(\cdot-\xi)\hat{f}]||_{L^{p}}$
. $\Psi=F^{-1}\psi,$ $\Psi^{*}(t)=\overline{\Psi(-t)}$ , $||V_{\Phi}\cdot f||_{L^{\mathrm{p},\infty}}\sim||V_{\Psi}\cdot f||_{L^{\mathrm{p}}}$,
[2, Proposition 11.3.2]. $||F^{-1}[\varphi(\cdot-\xi)\hat{f}]||_{L^{p}}$ $\xi 0$
. $\psi\in S(\mathrm{R}^{n})$ $\psi=1$ on $[$-2, $2]^{n}$ .
, $\mathrm{e}\mathrm{s}\mathrm{s}\sup_{\xi\in \mathrm{R}^{n}}||F^{-1}[\varphi(\cdot-\xi)\hat{f}]||_{L^{\mathrm{p}}}<\infty$ ,












, $||\mathcal{F}^{-1}[\varphi(. -\xi)\hat{f}]||_{L^{\mathrm{p}}}$ $\xi 0$ .
$q=\infty$ .
32. $1\leq p\leq\infty$ . ,
$\sup_{k\in \mathrm{Z}^{n}}||F^{-1}[\varphi(\cdot-k)\hat{f}]||_{L^{p}}\sim \mathrm{e}\mathrm{s}\mathrm{s}\sup_{\xi\in \mathrm{R}^{n}}||V_{\Phi^{*}}f(\cdot,\xi)||_{L^{p}}$
. $\Phi=\mathcal{F}^{-1}\varphi,$ $\Phi^{*}(t)=\overline{\Phi(-t)}$ .
Proof. $\sup_{k\in \mathrm{Z}^{n}}||F^{-1}[\varphi(\cdot-k)\hat{f}]||_{L^{\mathrm{p}}}\leq \mathrm{e}\mathrm{s}\mathrm{s}\sup_{\xi\in \mathrm{R}^{n}}||V_{\Phi}\cdot f(\cdot,\xi)||_{L^{\mathrm{p}}}$
. $\mathrm{e}\mathrm{s}\mathrm{s}\sup_{\xi\in \mathrm{R}^{n}}||V_{\Phi^{*}}f(\cdot, \xi)||_{L^{p}}<\infty$ 3.1 ,
(3.1) $|F^{-1}[\varphi(\cdot-\xi)f](x)|=|V_{\Phi}\cdot f(x,\xi)|$
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. , $\mathrm{e}\mathrm{s}\mathrm{s}\sup_{\xi\in \mathrm{R}^{n}}||V_{\Phi^{*}}f(\cdot, \xi)||_{L^{p}}<\infty \text{ }\mathrm{e}\mathrm{s}\mathrm{s}\sup_{\xi\in \mathrm{R}^{n}}||F^{-1}[\varphi(\cdot$ -







$= \mathrm{e}\mathrm{s}\mathrm{s}\sup_{\xi\in \mathrm{R}^{n}}||V_{\Phi}\cdot f(\cdot,\xi)||_{L^{p}}$
.
$\mathrm{e}\mathrm{s}\mathrm{s}\sup_{\xi\in \mathrm{R}^{\mathfrak{n}}}||V_{\Phi}*f(\cdot,\xi)||_{L^{\mathrm{p}}}\leq C\sup_{k\in \mathrm{Z}^{n}}||F^{-1}[\varphi(\cdot-k)\hat{f}]||_{L^{\mathrm{p}}}$ $f$
$C>0$ . $\sup_{k\in \mathbb{Z}^{n}}||\mathcal{F}^{-1}[\varphi(\cdot-k)\hat{f}]||_{L^{p}}<\infty$ .
3.1 (1) $||\mathcal{F}^{-1}[\varphi(\cdot-\xi)\hat{f}]||_{L^{p}}$ $\xi$ .
(3.1) ,
$\mathrm{e}\mathrm{s}\mathrm{s}\sup_{\zeta\in \mathrm{R}^{n}}||V_{\Phi}\cdot f(\cdot,\xi)||_{L^{\mathrm{p}}}=\mathrm{e}\mathrm{s}\mathrm{s}\sup_{\xi\in \mathrm{R}^{n}}||\mathcal{F}^{-1}[\varphi(\cdot-\xi)\hat{f}]||_{L^{\mathrm{p}}}$
$= \sup_{\xi\in \mathrm{R}^{n}}||F^{-1}[\varphi(\cdot-\xi)\hat{f}]||_{L^{p}}=\sup_{\xi\in \mathrm{R}^{n}}||V_{\Phi^{*}}f(\cdot,\xi)||_{L^{p}}$





$\leq C\sup_{k\in \mathrm{Z}^{n}}||F^{-1}[\varphi(\cdot-k)\hat{f}]||_{L^{p}}$ ,
$C$ $f$ $\xi$ . ,




33. $1\leq p\leq\infty,$ $1\leq q<\infty$ . ,
$( \sum_{k\in \mathbb{Z}^{n}}||F^{-1}[\varphi(\cdot-k)\hat{f}]||_{L^{\mathrm{p}}}^{q})^{1/q}\sim\{\int_{\mathrm{R}^{n}}(\int_{\mathrm{R}^{n}}|V_{\Phi}\cdot f(x,\xi)|^{p}dx)^{q/p}d\xi\}^{1/q}$
. $\Phi=\mathcal{F}^{-1}\varphi,$ $\Phi^{*}(t)=\overline{\Phi(-t)}$.
Proof.
$\{\int_{\mathrm{R}^{n}}(\int_{\mathrm{R}^{n}}|V_{\Phi}\cdot f(x,\xi)|^{p}dx)^{q/p}d\xi\}^{1/q}\leq C(\sum_{k\in \mathrm{Z}^{n}}||F^{-1}[\varphi(\cdot-k)\hat{f}]||_{L^{p}}^{q})^{1/q}$
$f$ $C>0$ . $\xi\in k+[-1/2,1/2]^{n}$ ,








$= \sum_{|\ell|\leq N}\{\sum_{k\in \mathrm{Z}^{n}}\int_{k+[-1/2,1/2]^{n}}||(M_{\zeta}\Phi)*(F^{-1}[\varphi(\cdot-(k+P))\hat{f}])||_{L^{p}}^{q}d\xi\}^{1/q}$
$\leq\sum_{|\ell|\leq N}\{\sum_{k\in \mathrm{Z}^{\hslash}}\int_{k+[-1/2,1/2]^{n}}(||M_{\xi}\Phi||_{L^{1}}||F^{-1}[\varphi(\cdot-(k+\ell))\hat{f}])||_{L^{\mathrm{p}}})^{q}d\xi\}^{1/q}$
$=|| \Phi||_{L^{1}}\sum_{|p|\leq N}(\sum_{k\in \mathrm{Z}^{n}}||F^{-1}[\varphi(\cdot-(k+\ell))\hat{f}])||_{L^{\mathrm{p}}}^{q})^{1/q}$
$=C|| \Phi||_{L^{1}}(\sum_{k\in \mathrm{Z}^{n}}||\mathcal{F}^{-1}[\varphi(\cdot-k)\hat{f}])||_{L^{p}}^{q})^{1/q}$ .
94
e$( \sum_{k\in \mathbb{Z}^{n}}||F^{-1}[\varphi(\cdot-k)\hat{f}]||_{L^{p}}^{q})^{1/q}\leq C\{\int_{\mathrm{R}^{n}}(\int_{\mathrm{R}^{n}}|V_{\Phi^{\wedge}}f(x,\xi)|^{p}dx)^{q/p}d\xi\}^{1/q}$





$=|| \Phi||_{L^{1}}\sum_{|\ell|\leq N}||V_{\Phi}\cdot f(\cdot,\xi+p)||_{L^{p}}$
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